Tables for the Rapid and Accurate Numerical Evaluation of Certain Infinite Integrals Involving Bessel Functions
Introduction. In a recent paper [1] the author has formulated a method based on Euler's transformation of slowly convergent alternating series for the numerical evaluation of integrals of the form f a°° f(x)dx, where a is a constant and where f(x) oscillates about zero in such a way that the integral over each half-cycle is smaller in absolute magnitude than (and opposite in sign to) that over the preceding half-cycle. The author has had occasion to make much use of this method for the evaluation of integrals of the type (1) J Jo(x)g(x)dx, and (2) f" Ji(x)h(x)dx, where g(x), h(x) are well-behaved continuous functions which tend to a finite constant value or zero as x tends to infinity ; here 7o(x), 7i(x) are Bessel Functions (of the first kind) of orders zero and one, respectively. The present paper gives tables useful in the evaluation of (1), (2) .
The author is grateful to Yigal Accad who performed most of the numerical calculations for Tables 1 and 2. Description of the Method. The method employed [1 ] in evaluating integrals of the type (1) involved performing the integration over each of the first twenty half-cycles, i.e., evaluating the integrals (3) P' Jo(x)g(x)dx i =1,2, ..-,20
where Xo is zero and x¿ is the z'th zero of 7o(x). The first twenty terms of a slowly convergent alternating series for (1) were thus obtained. Euler's transformation (Bromwich [2] , p. 62) was then applied to this series in order to obtain a rapidly convergent series for the numerical value of (1) . Integrals of the type (2) were treated similarly. In order to obtain high accuracy in the separate integrations (3) the Gauss quadrature formula (NBS AMS 37 [3] ) was used for sixteen points of subdivision of each interval. Tables of abscissae and coefficients are given in [3] for n = 2(1)16, 15D, and in Davis and Rabinowitz [7] for n = 2, 4, 8, 16, 20, 24, 32, 40, 48, 20D . Values are also available in [7] for n = 64, 80 and 96. For a given value of n, Gauss' formula provides an approximation equivalent to replacing the integrand by a polynomial of degree 2« -1.
Description and Use of the Tables. Table 1 gives values of x and the corresponding values of /o(x). The values of x were obtained by computation from values given in [3] for the interval (-1, 1) by means of the formula ,q -P , g + P Xi = x>^-+ -Twhere p, q are the lower and upper limits of integration, and in our case are zeros of 7o(x) (the first value of p is zero), and the x,-1 (given in [3] ) refer to the interval (-1, 1). The zeros of 7o(x) are also given. The values of 7o(x) were obtained by interpolation from the Harvard University tables [4] . In view of the high accuracy needed interpolation was effected by means of the first four terms of Taylor's theorem
these terms being sufficient for 10 place accuracy with the maximum value of A required. The tables are believed to be accurate to within a few units in the tenth place of decimals. Table 2 was similarly prepared for Ji(x). Here the interpolation for Ji(x) was effected from [4] by means of the Taylor's theorem expansion
In Tables 1 and 2 the zeros of Jo(x), Ji(x) were taken from tables in BAASMTC [5] . Table 3 gives the appropriate integration coefficients (these are quoted from [3] for the interval (-1, 1)). After using them the result must be multiplied by half the length of the interval in each case. Method of Checking. The tables were checked as follows : Table 1 was checked by using it to calculate xJo(x)dx over each half-cycle and comparing the result with the known value of the integral
the values of Ji(xi) being obtained from [5] . In each case agreement was obtained to within the accuracy warranted by the number of significant figures in the table. Table 2 was checked by using it to calculate
over each half-cycle, where the y< are the zeros of Ji(x). The results were calculated to ten places of decimals and in each case were accurate to within two units in the last place.
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